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INTRODUCTION
Although phenomena are investigated by using observed data, they themselves are in general not directly observable. To ‘see’ them we need instruments, and to obtain numerical facts about the phenomena in particular we need measuring instruments. This view is a result of Woodward’s (1989) account on the distinction between phenomena and data. According to Woodward, phenomena are relatively stable and general features of the world and therefore suited as objects of explanation and prediction. Data, that is, the observations playing the role of evidence for claims about phenomena, on the other hand involve observational mistakes, are idiosyncratic and reflect the operation of many different causal factors and are therefore unsuited for any systematic and generalizing treatment. Theories are not about observations – particulars – but about phenomena – universals.

Woodward characterizes the contrast between data and phenomena in three ways. In the first place, the difference between data and phenomena can be indicated in terms of the notions of error applicable to each. In the case of data the notion of error involves observational mistakes, while in the case of phenomena one worries whether one is detecting a real fact rather than an artifact produced by the peculiarities of one’s instruments or detection procedures. A second contrast between data and phenomena is that phenomena are more ‘widespread’ and less idiosyncratic, less closely tied to the details of a particular instrument or detection procedure. A third way of thinking about the contrast between data and phenomena is that scientific investigation is typically carried on in a noisy environment, an environment in which the observations reflect the operation of many different causal factors.

The problem of detecting a phenomenon is the problem of detecting a signal in this sea of noise, of identifying a relatively stable and invariant pattern of some simplicity and generality with recurrent features - a pattern which is not just an artifact of the particular detection techniques we employ or the local environment in which we operate. (Woodward 1989: 396-7)

Underlying the contrast between data and phenomena is the idea that theories do not explain data, which typically will reflect the presence of a great deal of noise. Rather, an investigator first subjects the data to analysis and processing, or alters the experimental design or detection technique, in an effort to separate out the phenomenon of interest from extraneous background factors. ‘It is this extracted signal rather than the data itself which is then regarded as a potential object of explanation by theory’ (p. 397).

The kinds of models discussed in this paper function as detection instruments – more specifically, as measuring instruments. In measurement theory, measurement is the mapping of a property of the empirical world into a set of numbers. But how do we arrive at meaningful numbers? To attain numbers that will inform us about phenomena, we have to find appropriate mappings of the phenomena. We do this kind of mathematization by modeling the phenomena in a very specific way.








This paper will concentrate on two necessary steps for measurement (whether or not provided by theory): (1) the search for a mathematical representation of the phenomenon; and (2) this representation about the phenomenon should cover an as far as possible invariant relationship between facts and data.

MATHEMATICAL REPRESENTATION
The dominant measurement theory of today is the representational theory of measurement. The core of this theory is that measurement is a process of assigning numbers to attributes or characteristics of the empirical world in such a way that the relevant qualitative empirical relations among these attributes or characteristics are reflected in the numbers themselves as well as in important properties of the number system. In other words, measurement is conceived of as establishing a homomorphism​[1]​ between a numerical and an empirical structure. In the formal representational theory this is expressed as: Take a well-defined, non-empty class of extra-mathematical entities X. Let there exist upon that class a set of empirical relations R = {R1, ..., Rn}. Let us further consider a set of numbers N (in general a subset of the set of real numbers Re) and let there be defined on that set a set of numerical relations P = {P1, ..., Pn}. Let there exist a mapping M with domain X and a range in N, M: X  N  which is a homomorphism of the empirical relationship system <X, R> and the numerical relational system <N, P> (Finkelstein 1975: 105).








The problem, however, is that the representational theory of measurement has turned too much into a pure mathematical discipline, leaving out the question of how the mathematical structures gain their empirical significance in actual practical measurement. The representational theory lacks concrete measurement procedures and devices. This problem of empirical significance is discussed by Heidelberger (1994a,b), who argues for giving the representational theory a ‘correlative interpretation’.

In his plea for a correlative interpretation, Heidelberger traces the origins of the representational theory of measurement in Maxwell’s method of using formal analogies. As Heidelberger observantly noted, a first glimpse of a representational theory of measurement appeared in Maxwell’s article ‘On Faraday’s Lines of Force’ [1855] (1965). In discussing his method of using analogies, the ‘representational view’ is made en passant: ‘Thus all the mathematical sciences are founded on relations between physical laws and laws of numbers, so that the aim of exact science is to reduce the problems of nature to the determination of quantities by operations with numbers’ (Maxwell [1855] 1965: 156). In his translation of Maxwell’s article, Boltzmann (1912) added the following note to this passage quoted above: ‘As far as I know, nobody later took up this view that the measurement of magnitudes of space and time by numbers is based on a mere analogy of those magnitudes with the relations obtaining between whole numbers (Boltzmann 1912: 100; translated by Heidelberger 1994b: 4).

But this is not true. Helmholtz took up Maxwell’s view and continued to think in this direction. Usually Helmholtz’s 1887 article, ‘Zählen und Messen, erkenntnistheoretisch betrachtet’ is taken as the starting point of the development of the representational theory. The development since Helmholtz’s seminal paper is well described elsewhere​[3]​ and will not be repeated here. But unfortunately, as Heidelberger emphasizes, the result of this development is that most followers of the representational theory of today have adopted an operationalist interpretation. This operationalist interpretation is best illustrated by Stevens’ dictum:

[M]easurement [is] the assignment of numerals to objects or events according to rule – any rule. Of course, the fact that numerals can be assigned under different rules leads to different kinds of scales and different kinds of measurements, not all of equal power and usefulness. Nevertheless, provided a consistent rule is followed, some form of measurement is achieved.
(Stevens 1959: 19)

By labeling the current interpretation of measurement as an operationalist one, Heidelberger did not only allude to a strong version of operationalism in which terms in a theory are fixed by giving operational definitions, but also to a weaker one that says that a concept is quantitative if the operational rules are fixed that lead to a numerical value, whatever else the meaning of the concept might be.

The disadvantage of an operationalist interpretation is that it is much too liberal. As Heidelberger rightly argues, we could not make any difference between a theoretical determination of the value of a theoretical quantity and the actual measurement. A correlative interpretation does not have this disadvantage, because it refers to the handling of a measuring instrument. This interpretation of the representational theory of measurement was based on Fechner’s correlational theory of measurement. Fechner had argued that

the measurement of any attribute x generally presupposes a second, directly observable attribute y and a measurement apparatus A that can represent variable values of y in correlation to values of x. The correlation is such that when the states of A are arranged in the order of x they are also arranged in the order of y. The different values of y are defined by an intersubjective, determinate, and repeatable calibration of A. They do not have to be measured on their part. The function that describes the correlation between x and y relative to A (underlying the measurement of x by y in A) is precisely what Fechner called the measurement formula. Normally, we try to construct (or find) a measurement apparatus which realizes a 1:1 correlation between the values of x and the values of y so that we can take the values of y as a direct representation of the value of x. (Heidelberger 1993: 146)​[4]​

To illustrate this, let us consider an example of temperature measurement. We can measure temperature, x, by constructing a thermometer, A, that contains a mercury column which length, y, is correlated with temperature. The measurement formula, the function describing the correlation between x and y, x = f(y), is determined by choosing the shape of the function, f, e.g. linear, and by calibration. For example, the temperature of boiling water is fixed at 100, and of ice water at 0.

The correlative interpretation of measurement implies that the scales of measurement are a specific form of indirect scales, namely so-called associative scales. This terminology is from Ellis (1968) who adopted a conventionalist view on measurement. To see that measurement on the one side requires empirical significance - Heidelberger’s point - and on the other hand is conventional, we first have a closer look at direct measurement and thereupon we will discuss Ellis’ account of indirect measurements.








However, there are properties, like temperature, for which it is not possible or convenient to construct satisfactory direct scales of measurement. Scales for the measurement of such properties can, however, be constructed, based on the relation of that property, x, and quantities, yi, with which it is associated and for which measurement scales have been defined. Such scales are termed indirect. Associative measurement depends on there being some quantity y associated with property x to be measured, such that when things are arranged in the order of x, under specific conditions, they are also arranged in the order of y. Ellis defines an associative scale for the measurement of x by taking f(M(y)) as the measure of x, where M(y) is the measure of y on some previously defined scale, and f is any strictly monotonic increasing function. We have derived measurement if there exists an empirical law F = F(M1(y1), …, Mn(yn)) and if it is the case that whenever things are ordered in the order of x, they are also arranged in the order of F. Then we can define
F(M1(y1), …, Mn(yn)) as a measure of x.

The measurement problem then is the choice of the associated property y and the choice of f (or F), which Ellis following Mach called the ‘choice of principle of correlation’. For Ellis, the only kinds of considerations that should have any bearing on the choice of principle of correlation are considerations of mathematical simplicity (Ellis 1968: 95-6). But this is too much conventionalism, even Mach noted that whatever form one chooses, it still should have some empirical significance.

It is imperative to notice that whenever we apply a definition to nature we must wait to see if it will correspond to it. With the exception of pure mathematics we can create our concepts at will, even in geometry and still more in physics, but we must always investigate whether and how reality correspond to these concepts. (Mach [1896] 1966: 185)








An associative scale for the measurement of x is now defined by taking
n = M(y) = M(f(x)).
According to Heidelberger (1993: 147), ‘Mach not only defended Fechner’s measurement theory, he radicalized it and extended it into physics’. To Mach, any establishment of an objective equality in science must ultimately be based on sensation because it needs the reading (or at least the gauging) of a material device by an observer, see Figure 3. The central idea of associative measurement, which stood in the center of Mach’s philosophy of science, is that ‘in measuring any attribute we always have to take into account its empirical lawful relation to (at least) another attribute. The distinction between fundamental [read: direct] and derived [read: indirect] measurement, at least in a relevant epistemological sense, is illusory’ (Heidelberger 1994b: 11).

The difference between Ellis’ associative measurement and Heidelberger’s correlative measurement is that, according to Heidelberger, the mapping of y into numbers, M(y), is not the result of (direct) measurement but is obtained by calibration (see Heidelberger’s quote above) and, moreover, a correlation necessarily involves an instrument, discussed in next section. To determine the scale of the thermometer no prior measurement of the expansion of the mercury column is required; by convention it is decided in how many equal parts the interval between two fixed points (melting point and boiling point) should be divided. In the same way, a clock continuously measures time, irrespective of its face. The face is the conventional part of time measurement and the moving of the hands the empirical determination of time. Heidelberger’s interpretation shifts the emphasis from mapping M – the conventional part – to the empirical relationships described by f and thus gives back to measurement the idea that it concerns concrete measurement procedures and devices, taking place in the domain of the physical state sets as a result of an interaction between X and Y, see Figure 4.

INVARIANCE
Measurement, including the measuring instrument being used, is based on a correlative relation between the measurand, x, and the associated quantity, y. To gain a better understanding of measurement we must have a closer look at the nature of the correlative relation. The various authors refer to it in terms of an empirical lawful relationship, in the sense that ‘when things are arranged in the order of x, under certain specified conditions, they are also arranged in the order of y’ (Ellis 1968: 90). It should not be considered as a numerical law, because that would require independent measurements of both x and y. ‘For each of the variables in a law there must exist a measurement apparatus with a measurement formula before a law can be established and tested’ (Heidelberger 1993: 146-7).​[5]​

To investigate what a ‘lawful relation’ means in the context of measurement, it is very useful to use Cartwright’s account that a law of nature – necessary regular association between properties - hold only relative to the successful repeated operation of a nomological machine:

a fixed (enough) arrangement of components, or factors, with stable (enough) capacities that in the right sort of stable (enough) environment will, with repeated operation, give rise to the kind of regular behaviour that we represent in our scientific laws. (Cartwright 1999: 50)

It shows why the empirical lawful relation on which the measurement is based and the measuring instrument are two sides of the same coin. The measuring instrument must function as a nomological machine to fulfill its task. This interconnection is affirmed by Heidelberger’s use of correlative relation and measuring instrument as nearly synonymous, Ellis definition of a lawful relation as an arrangement under specific conditions and Finkelstein’s observation that the ‘law of correlation’ is ‘not infrequently less well established and less general, in the sense that it may be the feature of specially defined experimental apparatus and conditions’ (Finkelstein 1975: 108).








A correlative scale for the measurement of  x is then defined by taking
n = M(y) = M(F(x, OC)),
where M(y) is the measure of y on some previously defined scale, and F is the correlation between x and y that also involves other influences indicated by OC:
y = F(x, OC)
where OC, an acronym of ‘other circumstances’ is a collective noun of all the other factors that could have an influence on y and therefore needed to be controlled for.
However, outside the laboratory we can only control the environment to a certain extent. To gain more insight into how to deal with this problem of the (im)possibility of conditioning the circumstances with respect to measurement, the history of the standardization of the thermometer is helpful. Chang (2001) shows that standardization was closely linked to the dual measurement problem, namely the choice of the proper associated quantity and the choice of the principle of correlation, which is labeled by him as the ‘problem of nomic measurement’:

(1)	We want to measure quantity X.
(2)	Quantity X is not directly observable by unaided human perception so we infer it from another quantity Y, which is directly observable.
(3)	For this inference we need a law that expresses X as a function of Y, X = f(Y).
(4)	The form of this function f cannot be discovered or tested empirically, because that would involve knowing the values of both Y and X, and X is the unknown variable that we are trying to measure. (Chang 2001: 251)

Although Chang (2001) discusses only one part of the measurement problem, namely the choice of the associated property, in this case the choice of the right thermometric fluid, it also gives some hints about solving the problem of the choice of the most appropriate form of f.

Historically, there were three significant contenders: atmospheric air, mercury, and ethyl alcohol. At the end of the eighteenth century, it was generally believed that the mercury thermometer indicated the real degree of heat. But in the nineteenth century people started to question the accuracy of mercury thermometers. To choose among the three candidate contenders all kinds of experiments were suggested. The problem, however, was that the proposed experiments to settle the debate were based on theoretical assumptions about the kind of thermal expansion the fluid would show – the form of f. But to test these expansions one has to carry out measurements for which a thermometer was needed. This circularity was avoided by Regnault’s use of principle of ‘comparability’: ‘If a type of thermometer is to be an accurate instrument, all thermometers of that type must agree with each other in their readings’ (Chang 2001: 276).

Until Regnault’s experiments it was agreed that mercury thermometers were comparable. Regnault discovered that this was not true: the readings of mercury thermometers made with different types of glass, or even the same type of glass which had undergone different thermal treatments, could not be made to agree with each other. The failure of comparability due to the behavior of glass was not avoidable by specifying a certain type of glass as the standard glass. ‘To do so, one would have needed to specify and control the exact chemical composition of the glass, the process of manufacture, and the method of blowing the thermometer bulb’ (Chang 2001: 278). But using gas instead of mercury seemed to be the answer, for the thermal expansion of gas was known to be so great that the expansion of the glass envelop was thereby made negligible. Restricting his attention to thermometers containing air, he found that those made with different densities were quite comparable with each other, certainly better than the mercury thermometers. This result was also summarized by Mach, although he pointed to Dulong and Petit as founders of this method of comparability.

One of the greatest advantages which a gas offers is its large expansion, and the resultantly great sensitivity of the thermometer. Also, because of this great expansion, the disturbing influence of the varying material of the vessels passes into the background. […] gas expands 146 times as much as glass. The expansion has therefore only a small influence upon the apparent expansion of the gas, and its change with different sorts [of glass] is of negligible influence. […] The choice of material for the vessel, that is the individuality of the thermometer, can only disturb this relation insignificantly: thermometers become comparable to a high degree. (Mach [1896] 1966: 188)

Dulong and Petit had required that a perfect thermometric substance should expand uniformly, without thinking that this condition was amenable to a direct test. But, according to Chang, the point of this history is that for endorsing the air thermometer as most accurate, Regnault did not need to prove that the expansion of air is uniform, ‘he was all too aware of the circularity involved in trying to demonstrate such a proposition experimentally’ (Chang 2001: 283).

Regnault’s strategy of comparability did not amount to truth, it meant self-consistency for a given type of instrument. It was a falsificationist strategy: ‘only a clear failure of comparability was useful; that allowed Regnault to eliminate an instrument as a candidate for indicating true temperatures’ (Chang 2001: 284).

If we want to apply the strategy of comparability in social science, we face the problem that we often cannot create a uniform environment to compare the different instruments, for instance in a laboratory as Regnault did. But when we have a closer look at Regnault's method, we see that the essence of comparability is that it allows one to find an accurate measuring instrument especially when one cannot control all circumstances. As Chang pointed out:

	The requirement of comparability was not new with Regnault. It had been widely considered a basic requirement for reliability in thermometry for a long time. The term is more easily understood if we go back to its origin, namely when thermometers were notoriously unstandardized so the readings of different types of thermometers could not be meaningfully compared with one another. (Chang 2001: 276)

The readings of the thermometers were not comparable to each other because the materials from which the instruments were built were not of the same quality - there were no standards. This quality depended on, for example, the kind of glass or the density of the gas that was used for fabricating the instrument, but also on the craftsmanship of the instrument-maker: circumstances that were not controlled in a laboratory, but were at the same time part of the set-up in which the measurement took place. The strategy of comparability is to find a measuring-instrument for which the readings are least influenced by or most independent of the quality of the materials, or in more general terms, the circumstances one cannot control.

In measurement, even in a laboratory, there are always circumstances one cannot control. A measuring instrument is accurate when it is designed, fabricated and used in such a way that the influences of all these uncontrollable circumstances are negligible. For example, a gas thermometer is more accurate than a mercury thermometer, because the expansion of glass is negligible compared with the expansion of gas. Thus, the empirical relation between the expansion of the gas column and temperature is (more or less) invariant and influenced only negligibly by other circumstances.

To avoid the problem of (the lack of) controllability is to design and use measuring instruments in such a way that the influences of all the uncontrollable circumstances are negligible; in other words, a measuring device should be constructed and used such that it fulfills the ceteris neglectis condition. This latter condition can be clarified by the next equation:

Suppose we care about the correlative relation between a property x to be measured and the associated quantity y. The instrument should be constructed and used such that changes in y are sensitive to changes in x and at the same time insensitive to changes in the other circumstances, OC. This condition implies requirements on F/p and F/OC, namely F/OC must be negligible compared to F/x, and, of course, F/x is not affected by changes in x: x has no influence on F/x. If we can construct the instrument based on the ceteris neglectis condition, we do not have to worry about the extent to which the other circumstances are changing. They do not have to be controlled as is assumed in the conventional ceteris paribus (OC = 0) and ceteris absentibus (OC = 0) conditions.

The equation above clarifies the problem of comparability: accuracy of the thermometer was dealt with by searching for the most adequate filling. This was done by selecting filling y as such that F/OC is negligible compared to F/x.

CONCLUSION
A measurement formula must be a representation of a lawful relationship. According to Cartwright, for lawful relationships we need stable environments: nomological machines. So, in her account measuring instruments can only fulfill their measurement task when they are nomological machines. To build them we must be able to control the circumstances, which is possible (always only to a certain extent) in a laboratory but highly problematic in the open air. However, invariant relationships are not always the result of ceteris paribus environments but could also occur because the influence of the environment is negligible, in other words invariant relationships could also be ceteris neglectis regularities. With an instrument fulfilling this ceteris neglectis condition one is able to achieve accurate measurements outside the laboratory.
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^1	  The term derives from the Greek omo, ‘alike’, and morphosis, ‘to form’ or ‘to shape’. It denotes that the assignment M preserves the properties of the relational structure R.
^2	  See Savage and Ehrlich 1992 for a historical survey of measurement theory, and Finkelstein 1975 for a survey of the epistemological and logical foundations of measurement.
^3	  See, for example, Michell 1993 and Savage and Ehrlich 1992.
^4	  I have replaced the capitals Q and R in the original text by the lower case letters x and y, respectively, to make the discussion of the measurement literature uniform.
^5	  In the case of derived measurement there exist independent measurements of the yi’s, but not of x. The discussion below includes this type of measurement, too.
